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Abstract 

We compute the fixed point action of a properly defined renormaliza- 
tion group transformation for the Schwinger model through an expansion 
in the gauge field. It is local, with couplings exponentially suppressed 
with the distance. We check its perfection by computing the 1-loop mass 
gap at finite spatial volume, finding only exponentially vanishing cut off 
effects, in contrast with the standard action, which is affected by large 
power-like cut off effects. We point out that the 1-loop mass gap calcula- 
tion provides a check of the classical perfection of the fixed point action, 
and not of the 1-loop perfection, as could be naively expected. 



^Work supported by Fondazione "A. Delia Riccia" (Italy) and Ministerio de Educacion y 
Cultura (Spain). 



1 Introduction. 



The discretization of the space-time into a lattice provides a non-perturbative 
regularization of a quantum field theory which, in addition, allows numerical 
simulations. The lattice spacing is finite in any Monte Carlo simulation, and 
the distortions on the physical quantities induced by the discretization (cut off 
effects) strongly restrict the accuracy of the method. The naive procedure - 
consisting in approaching the continuum by progressively reducing the lattice 
spacing - has to cope soon with the problem of the divergence of computational 
time and memory space. Therefore, new methods have been studied in order to 
reduce the lattice artifacts at their origin, i.e. at the level of the lattice action. 

The first method, due to Symanzik, consists in adding to the simplest dis- 
cretized action (standard action) higher order operators which cancel the cut off 
effects to a given order in the lattice spacing (usually the leading one, O(a^) for 
bosonic theories and 0{a) in presence of fermions) and in the coupling constant; 
this method is designed for perturbation theory. 

The second method uses the Wilson Renormalization Group (RG) theory, 
and is inherently non-perturbative. In this case, one can be very ambitious 
and search for perfect actions which, by definition, reproduce exactly the 
continuum independently of the value of the lattice spacing. The existence 
of perfect actions follows from the existence of a renormalized trajectory in 
the space of parameters of the theory: any action located on the renormalized 
trajectory is a perfect action [Q. 

A more modest and realistic goal is the determination of a classically perfect 
action, i.e. an action which - in principle - eliminates the cut off effects with 
restriction to the classical properties of the theory. This action is related [Q to 
the fixed point (FP) - lying on the critical surface - of a given RG transformation. 
In the case of a theory which attains the continuum for weak couplings, the FP 
problem is reduced to the solution of a saddle point equation. Although not 
perfect, the FP action represents a huge step toward the elimination of the cut off 
effects in comparison with naive discretizations, and a considerable improvement 
is observed even with respect to the Symanzik improved actions |^, ^ . 

In view of an application of these ideas to the numerical solution of lattice 
QCD, the fermion sector must be well understood. FP actions for gauge theories 
with interacting fermions have not been extensively studied yet. In this paper we 
will study the fermion-gauge field FP interactions in a much simpler case than 
QCD, the Schwinger model, which belongs to the class of theories for which the 
computation of a FP action is a classical saddle point problem. Since its gauge 
group is abelian, it is possible to formulate the lattice regularization with non- 
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compact gauge fields, and to solve analytically the pure gauge sector. Therefore, 
we are able to concentrate the numerical effort in the fermion problem. We will 
test the perfection of the FP action by computing the 1-loop mass gap in a finite 
volume - a circle of length L - using the standard action as a "control" action. 

The remaining of the paper is organized as follows. In Section ^ we review 
briefly the formalism of the FP actions. In Section || we recall some features of 
the Schwinger model which are relevant for this work. Section ^ is devoted to 
the study of the FP action for the pure gauge sector. In Section || we address 
ourselves to the computation of the fermion part of the FP action; the problem 
is treated perturbatively - i.e. in an expansion in the gauge field. In Section || 
we check the perfection of the FP action, providing the computation of the mass 
gap to 1-loop. For comparison, we compute the mass gap also for the standard 
action. We end the paper with a discussion about the 1-loop perfection of the 
FP action (Section ^ and the conclusions (Section ||). 



2 Fixed point actions. 



In this Section we briefly describe the general method for the computation of 
the FP action in the case of theories reaching the continuum for small couplings, 
referring to the literature |[ ^ for the details. For the sake of definiteness, 
we restrict the notation to case of the U{1) gauge group in the non-compact 
formulation. 

A general form of the action of a lattice-regularized gauge theory is 

s ^ psM) + i>Hu)i>, (1) 

where A denotes the gauge field configuration; A is a suitable fermion matrix 
which depends on the gauge field through the link variable = exp(iyl^). The 
detailed form of the action is here not relevant, apart from the requirement of 
gauge invariance and recovering of the classical continuum limit. In the fermion 
sector some care is necessary in order to ensure that the doublers decouple in 
the continuum limit. The partition function is given by the path integral 

Z = j [dAd^dip] exp [-(5Sg{A) - 7/iA(t/)V] • (2) 



A RG transformation can be defined, which maps the action 5* onto S' , the 
latter action depending on fields defined on a coarser lattice: 

exp [-l3'S'g{A') - 5^(V;',V',C/')] = 
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[dAd^d^] exp [-(3Sg{A) ~ 7/'A(C/)V - plCg{A',A) 

- KFlCF{-il'',ip',-ip,ip,U)] , (3) 

where the primed fields are the degrees of freedom on the coarser lattice, defined 
through the gauge invariant kernels JCg and JCp. The parameters p and Kp 
can be chosen arbitrarily]^ in particular, we can take p = P Kg. Note that in 
general the fermion action is not quadratic in the fermion fields after a RG 
transformation. 

In the class of theories under interest (including asymptotically free non- 
abelian gauge theories and the Schwinger model) , the critical surface (where the 
continuum is attained) is at /3 = oo. The iteration of the RG transformation 
starting on this surface converges to a FP. When /3 ^ oo the integral on the 
gauge degrees of freedom in the r.h.s. of Eq. (^) is saturated by the saddle point 
configuration; the solution of the recursion is then: 

S'^iA') = min [Sg{A) + KglCg{A',A)] , (4) 

{A} 

S'p{i^' ,U') = -l^y" [rfV'rfV'] exp [- ViA(;7(A'""'))V 

-kfJCf{^'A\^,^.U{A—))], (5) 

where ^4.""" is the fine gauge field configuration which minimizes the r.h.s. of 
Eq. (Q), depending on the coarse configuration A'; of course: [3' = (3 — oo. In 
this limit the problem is equivalent to a classical minimization problem plus a 
Grassmann integration. 

If the fermion kernel is quadratic in the fermion fields, the fermion action at 
P — oo remains quadratic after a RG transformation, as is evident from Eq. (^. 
The FP action is defined as: 

= pS^^iA) + ^A--(;7)V, (6) 

where S'J ^ and A^^ are the self-reproducing solutions of Eq. (^) and Eq. (||) 
respectively. The FP action is then bilinear in the fermion fields; this is a very 
important issue, mainly for what concerns numerical simulations. 



3 General considerations about the Schwinger model. 



■^The choice is somehow restricted by the request that the RG transformation converges to 
a FP when iterated infinitely many times. 



4 



3.1 The continuum Schwinger model. 



In this Section we shall review some features of the Schwinger model which 
are relevant for the following. The Schwinger model is the transcription to 1 + 1 
dimensions of the usual 3 + 1 QED . Its euclidean lagrangian reads (for the 
massive model): 



1^ ^\ ^F^,{x)F^,{x) +^{3 



(11/ 



ip{x) . 
(7) 

We use the simplest representation of the euclidean Dirac matrices in 1 + 1 
dimensions, given by the Pauli matrices: 



70 = en 



71 



0-2 , 



75 



«7o7i 



(8) 



The physical spectrum of the massless (m/ = 0) single-flavor model contains 
only a free boson of mass g/^/tt ||^. This boson couples to the gauge field, 
allowing the computation of its mass from the gauge propagator, which can be 
written as 

where n(g^) is defined through the vacuum polarization tensor n^y(g): 

np.(g) = {q^5^, - q^^q,) n{q^) . (10) 



The theory is solved at 1-loop in perturbation theory, since fermion loops 
with more than two photons vanish |g|: only in this way both the vector and 
chiral Ward identities can be satisfied J. The fermion loop with two photons 
(Fig. |l|-a) is superficially UV divergent and asks for a regularization. Using for 
example the Pauli- Villars procedure, the chiral symmetry is explicitly broken, 
and it is not restored when removing the cut off; the previous argument is there- 
fore evaded, and an UV finite but non-zero result is obtained. As a consequence, 
the diagram gives the exact vacuum polarization: 

n(g^) = --4- (11) 



^ Since the integral associated with a fermion loop with more than two photons is both UV 
and IR convergent, there is no possibility of violating any of the Ward identities through an 
anomaly. 
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a. 



b. 



Figure 1: Diagrams contributing to the 1-loop vacuum polarization. 



In the foUowing we wiU be interested in the formulation of the model on a 
spatial circle of length L. In the continuum, this model has been studied for 
the first time in its physical content turns out to be the same as in the 
L = oo case, which is not surprising taking into account |^ that the model can 
be bosonized into a free-field theory. 



3.2 Lattice regularization. 

The simplest action for the model regularized on the lattice, with non- 
compact gauge fields and Wilson fermions, is: 

^ = f E ^'-(^) + E^-^(^'^'; ^)^-'' (12) 

x,ii<u x,x' 

where (3 = and g is the dimensionless lattice coupling constant, which is 
related to the dimensionful electric charge e through g = ea {a is the lattice 
spacing). The lattice strength field tensor F^^{x) is given by: 

F^u{x) = + A^{x + jl) - A^ix + v) - A^{x), (13) 

and the fermion matrix takes the form 

l^{x,x'-U) = (m/+4)<5 X x' 

-\Y. [(1-7^0 U^{x)b^,^.^f, + (1 + 7^) C/^(x')4',.-a] • (14) 

The coupling between the fermions and the gauge field must be compact in 
order to ensure gauge invariance. We will work with massless fermions, my = 0. 
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The gauge field A is normalized in such a way that, when expanding the 
fermion action in powers of A: 

X y xy r fi 

(15) 

the first order vertex R'j^^ at zero momentum equals the continuum vertex with 
unit charge: 

J2R^^\x,y) = 7,.- (16) 

With the non-compact formulation for the pure gauge sector, a gauge fixing 
term is necessary in order to have a well defined path integral. The free gauge 
propagator can be written as 

- ^(s,.-'^] +1'^, (17) 

where ^ is the gauge fixing parameter, = exp(ig^) — 1, \q\^ = q'^qfi and 
q = (go, 9i)- The full inverse propagator can be expressed as 

Gj;::'-\q) = G-Jiq) - n^.(<7), (18) 

where 11^^ (g) is the lattice vacuum polarization tensor. Gauge invariance implies 
the Ward identity, which on the lattice reads: 

Y.q;ii^Aq) = 0. (19) 



3.3 Mass gap and cut off effects. 



The mass of a particle coupled to the gauge field is obtained by looking at 
the zeros of the eigenvalues of the inverse gauge propagator (|l^) for zero spatial 
momentum. From the Ward identity we have 

noo(go,9i-0) = Hoi (go, -71 =0) = nio(go,gi = 0) = 0, (20) 

and therefore the equation for the mass gap is 

Igol' - nn(go,gi =0) = 0. (21) 

The solution of this equation is purely imaginary, at least when the lattice 
spacing is small enough, and depends on L, a and g: go = im{g,a/L). The 
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quantity m is the dimensionless lattice mass, which is related to the physical 
mass through the relation TOp,, = m/a. 



It is possible to compute the lattice vacuum polarization perturbatively 
through an expansion in powers of the lattice coupling constant g: 

Il^Aq,a/L) ^ n%{q, a/L) + g^ n^^l(q, a/L) + . . . , (22) 

where q is the (dimensionless) lattice momentum and we have explicitly written 
the dependence in a/L. On the lattice the contribution of the higher order loops 
is non-zero, but it vanishes in the continuum limit; so it constitutes a pure cut 
off effect. The 1-loop vacuum polarization is given by the two diagrams of Fig. 0. 

In perturbation theory the mass gap is computed order by order in g: 

m{g,a/L) ^ gm'^^\a/L) + g^m^^\a/L) + ... . (23) 



Combining (E|), (03) and (23) we get 



m<^'(a/L) = lim J-ni\'(go,9i = 0, a/L). (24) 

The scaling limit a — > gives the continuum mass rn/Zl = in the following 
way: 

-m^Jea, a/L) = m'^' (a/L) + m<^' (a/L) + ... ^ ^ = _. (25) 

e e V"" 

From the above formula is explicit that higher order corrections to the mass are 
pure cut off effects. In general we can write: 

m<^'(a/L) = ^ + F^'\a/L), (26) 



Eq. (gSD imphes i^<^'(0) = 0. 

These general considerations, based on dimensional analysis and on the UV 
finiteness of the model, imply that in the L = oo case no cut off effects appear 
in the mass gap at I-loop order, independently of the lattice action chosen. 
However, they can be present as soon the model is put on a circle of finite 
length. These cut off effects depend on the form of the lattice action, and, 
as discussed in the Introduction, they can be strongly suppressed, and even 
removed, by choosing a proper lattice action. It is the aim of this work to see to 
what extent the cut off effects are suppressed in the I-loop calculations, when 
using a FP action, which is in principle perfect only at the classical level, i.e. at 
the tree level. 
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In the rest of the paper we wiU describe the construction of a FP action 
for the Schwinger model and we will discuss its cut off effects in the mass gap, 
comparing them with those of the standard action . The first step in the 
construction of the whole FP action is the determination of the FP action for 
the pure gauge sector, using the saddle point equation (Eq. (^), and of the 
minimizing configuration A"^'" as a function of the coarse configuration A' . 



4 FP action for the pure gauge sector. 



The quantum theory of the free electromagnetic field in 1 + 1 dimensions is 
equivalent to the quantum mechanics of a rotor ^ , for which it has been shown 
that ultralocal perfect and FP actions [0 can be invented. The existence of 
ultra-local FP actions for two-dimensional abelian gauge field theories had been 
already pointed out in ^ . In this Section we will define a block transformation 
for the gauge field which leads to the standard non-compact action as FP action. 

We use the techniques and notations of Q|, and we refer the reader to this 
paper for further details. 



4.1 RG TRANSFORMATION AND FIXED POINT ACTION. 



Let US start with a standard non-compact lattice action, for example the 
Wilson action (p^. The pure gauge part describes a free field. Its action in 
momentum space is 

^ ll^T. ( '^M- - q^C+^q^qt) A^iq) . (27) 

9 

We have added to the action a temporary gauge fixing term; it will be removed 
at the end of the calculation. 



We choose a simple gauge kernel 

/c,(A',A) = J2 



A'^,{xB) - - ( A^{2xb) + A^{2xB + fi) ) 



(28) 



which is of course gauge invariant, so ensuring the conservation of the gauge 
invariance under RG transformations. The variables xb label the sites on the 
coarse lattice in units of its doubled lattice spacing: the site x b corresponds to 
the site 2xb in the units of the original lattice. Since the pure gauge sector - 
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including the kernel - is gaussian, the minimization problem is equivalent to the 
solution of the exact gaussian integration. In Appendix ^ it is shown that the 
FP propagator is given by 



(29) 



where the functions and g are given in the formula ( A. 11 ) of the same Ap- 
pendix. 

The inverse propagator p^^{q) has a well defined limit when ^ — > 0, which 
defines a gauge invariant action. Using the relation 

I 90 I' fl{q) + \qi\' fo{q) = 1, (30) 



we find: ^ 

'^"^''"'^^^ ^ I + A. ('"^'^ '^'"'^ - qf^qt) ■ (31) 



Taking Kg — > cx) we recover the original standard non-compact action as FP 
action. It is ultralocal, involving only nearest-neighbors interactions. 

We need also the minimizing gauge field as a function of the coarse field A' . 
Since the problem is quadratic, the relation is linear Q] : 

Ar(^)==E^.^(^)^u.), (32) 



where = 0, 1. In Appendix A. 2 can be found the explicit expression for Z^^^, 
and for other related functions useful for the pcrturbative determination of the 
fermion-photon FP interaction. 



4.2 Discussion. 



At first sight, it might seem surprising that the standard action, which cou- 
ples only first neighbors, can be the FP of some RG transformation. Indeed, 
as already pointed out, FP actions are believed to be classically perfect. In the 
present case, in particular, this nearest neighbor action is expected to reproduce 
the classical properties of the two-dimensional electrodynamics. In 1 -I- 1 dimen- 
sions, however, no photon is described by the Maxwell field. In fact, gauge 
symmetry constrains the dynamics so strongly that only a non-propagating 
Coulomb field can exist. The best way to see this is to consider the propagator 
in the Coulomb gauge. In this gauge, the "photon" propagator is given by 

Ghoiq) = \, GM - Gl,{q) = Gl,{q) = 0. (33) 
1i 
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We see that there is no propagating degree of freedom and therefore no spec- 
trum. Taking the Fourier transform - subtracting the propagator at zero spatial 
distance to avoid the IR divergence - we find the Coulomb potential in two 
dimensions: 

Gor(^) = - G5o(xo,:ri = 0) = -d{xo) ^ . (34) 

On the lattice, the Coulomb gauge is fixed by introducing the following gauge 
fixing term: 

iY.[A,ix + i)~A,ix)]\ (35) 

X 

and taking the ^ ^ oo limit. The lattice propagator is 

GM^T^, GM ^ GM ^ Gl.iq) ^ . (36) 

kil 

Again, there is no propagating degree of freedom. If wc go to coordinate space, 
renormalizing the IR divergence, we obtain 

GX\^) = GM - Gao(no,ni = 0) = -<5„„,o ^ ■ (37) 

This is the perfect Coulomb potential on the lattice, which is the Green function 
of the perfect laplacian in one dimension. It has been obtained from the standard 
nearest-neighbors non-compact lattice action. This is a check of the classical 
perfection of this action. 

Alternatively, one can compute the potential between heavy charges through 
the Wilson loopFL Again, one gets the perfect Coulomb potential in 1 -I- 1 
dimensions (Eq. (|37[)). A cut off free lattice potential requires a perfect Wilson 
loop operator as well Q . In this case, the usual definition of the Wilson loop 
operator is already perfect; indeed, as it can be easily checked, it goes into itself 
under the RG transformation defined by the kernel of Eq. (|2^) if the Kg ^ oo 
limit is taken. 



5 The fermion sector. 

After the solution of the pure gauge part, we will concentrate our effort in 
the fermion sector. In this case there is no systematic method allowing an exact 

*This is a theoretically cleaner way to obtain the potential, since it goes through the 
calculation of the expectation value of a gauge-invariant quantity. 
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Figure 2: The RG block transformation for free fermions. 



analytic solution, and we will rely on an expansion in the gauge field A^. A 
non-perturbative study in this same context has been carried out in |pl| . 

We start reviewing the free fermion problem, which has been studied else- 
where (see for example ||). In Appendix BA we give some details. 



5.1 Free fermions. 

Let us as first define a block transformation for the fermion fields; the form 
of the quadratic kernel is: 

= E [^'(^s) - ^°i^B)] [i^'ixB] - r°{xB)] , (38) 

Xb 

where 

r°(xB) = E uj{2xB - x) V. . (39) 



We choose r°(x_B) to be proportional to the sum of the fine fields at the site 
Xb and its nearest and next-to-nearest neighbors, each weighted with a factor 
inversely proportional to the number of coarse fields to which they are coupled 
(see Fig. ^). Explicitly: 



^^(2x5) + I J2 ^(2a;B + A/i) 



2 

A=±l M 
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J Y Y ^^(2xB + AoO + All) 



4 

Ao=±l Ai=±l 



(40) 



The global factor ^2/4 appears by dimensional reasons: in 1+1 dimensions 
the fermion field has dimension d^, — 1/2; if we take a constant fine field con- 
figuration, the averaged field must be proportional to the fine field, with 
a proportionality factor 2'^^ since we have increased the lattice spacing by a 
factor 2. 

Several block transformations for free fermions were studied in [^2|, p^ . 
The one considered here has at least two good properties: it can be managed 
analytically to obtain a suitable expression for the FP propagator and the im- 
plementation of gauge invariance is straightforward^ 

We write for the FP fermion propagator its most general expression: 

DMq) = - * E > + /3--(g) . (41) 

The iteration of the RG transformation, starting from the Wilson action, leads 
to the following FP propagator: 

^..( ) ^ y q, + 2nl, yr sinng./2) 

1 / 328 44 ^ ^ 18 

(43) 

The locality of the FP action is optimal for kj? ~ 4. In the subsequent compu- 
tations we will use this optimized FP action. 



5.2 Gauge interactions and the perturb ative solution. 



In presence of gauge interactions, T'^^xb) must be modified into a gauge 
covariant average of the fine fermion fields r{xB',U). We achieve this in the 
simplest way, by using the parallel transport along the simplest symmetric path 
which joins the coarse site xb to its fine neigh bors (see Fig. ^). The explicit 



expression for T(xb, U) is reported in Appendix B.2 



^In additinn it has a faster convergence to the FP compared to other non-symmetrical 
definitions psj. 
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Figure 3: The RG block transformation in presence of gauge interactions: on 
the left, the paths defining the nearest-neighbors contribution to F; on the right, 
those defining the next-to-nearest-neighbors contributions. 



We treat the problem with interaction perturbatively, expanding both the 
action and the kernel /Cj? in powers of the weak field and solving the recursion 
relation order by order. 

Using translational invariance, the expansion of the fermion action can be 
written as follows: 

X y xy r }.L 

X yr r' 



(44) 



We call R^^^ the first order vertex and the second order vertex. 
The fermion kernel is also expanded in powers of A: 
F(xb; U{A))^T''{xb) + ^^ ^ A^(r)£:<^'(2xs-r,a;-r)^, 

X r fi 



(45) 



X r r' l-LV 



The ex plici t expressions for the functions and are displayed in Ap- 
pendix B.2. 
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Inserting the expansion for the coarse action S'p into the l.h.s. of Eq. (||) 
and that for the fine action Sf and for the fermion kernel )Cf in its r.h.s., 
with Aj^'" given by (Eq. (^)), we obtain a recursion relation for D', R^^^' and 
R^^l' ■ As usual, the recursion for a given order depends only on the solutions 
for the previous orders. Hence, we must solve first the zero order, which is 
the free fermion problem already considered. Inserting the solution for the FP 
propagator Dpp into the first order recursion, we find the FP first order vertex. 
Then, the FP propagator and the FP first order vertex determine uniquely 
(through the second order recursion) the FP second order vertex. 



5.3 The first order FP vertex. 



Since in d = 2 the electric charge has the dimension of a mass, the lattice 
coupling constant g defines a relevant direction in the space of couplings of the 
interacting theory. At the lowest order, the renormalization of the coupling 
constant is trivial: 

g' = 2g and P' = ^ ■ (46) 

This can be explicitly seen, since after one RG step the first order coarse vertex 
verifies: 

^^'"('Z-0,g' = 0) = 2i?;:'(<7 = 0,<7' = 0). (47) 

To be consistent with the normalization condition ( p^ ) we must add to the RG 
transformation of Sec. |2| a final step: 

A'^{xb) \a'^{xb)- (48) 

As an effect, the coupling constant is also renormalizcd. In the case of asymptot- 
ically free theories is a marginal coupling, and no additional renormalization 
for the gauge field is required when working at tree level. 



The recursion relation for the first order vertex is given in Eq. ( |C.lD of 



Appendix C.l. There, some details about its derivation are also explained. 



The explicit form of its solution is a rather cumbersome expression, reported in 



Eq. (C.4). Here, we will make only a few comments concerning the numerical 
evaluation of the FP first order vertex. The iterative solution of the FP equation 
leads to an expression of the form: 

+00 oo 2" — 1 

= E i?M(9,'z',M') + E E ^r(9'9',M')- (49) 

1,1' — — OC 71—1 1,1'— 

We must evaluate numerically the r.h.s. of the last equation for each value of 
the momenta q and q' . The first term can be evaluated with arbitrary (machine) 
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precision, since the series involved has a very fast convergence. The second term, 
however, is more problematic. The function ' has a complicated structure, 
and the computer time required for the calculation of the sums over I and I' 
grows with the fourth power of n. In practice, we must restrict the sum over n 
up to seven terms at most. The effects of this truncation are well under control, 
of order 10~^. 

Problems can arise when truncating the series since gauge invariance is no 
more exact. Gauge invariance is guaranteed order by order in perturbation 
theory if the vertices satisfy the Ward identities, which for the first order vertex 

E ilTq'),R'^\q,q') = D-\q) D'^-q') . (50) 

This identity is verified by the FP vertex given by Eq. (|4^) if the sum over 
n is exactly performed. The truncation of the series introduces a violation of 
the Ward identity, which affects even the continuum limit. We checked in our 
calculation that the difference between the l.h.s. and the r.h.s. of Eq. (^0|) is of 
order 10^^, as expected from the convergence properties of the series in n. 

To end this subsection, let us study the structure of the FP first order vertex. 
In two dimensions the lowest dimensional representation of the Dirac algebra - 
which we are using in this work - is two-dimensional. The Dirac structure of the 
vertex is then highly simplified with respect to four-dimcnsional theories. Only 
four matrices are independent: the identity, /, and the Pauli matrices, related 
to the Dirac matrices by Eq. (^). Since our RG transformation violates chiral 
symmetry, a 75 term is generated in the vertex through the renormalization 
steps, besides another term, proportional to the identity in Dirac space, which 
was already present in the Wilson action. The most general FP vertex can be 
written as 

^7''' (9,9') = E 9') 7. + /;(-?, g') 75 + f;{q.q')I. (51) 

where the functions fj^^^ and satisfy the symmetry requirements: hyper- 
cubic, refiection and charge conjugation invariance. 

We found that in the FP vertex all the terms displayed in Eq. (^ij) are 
present with almost equal weight. In contrast with the four-dimensional case, 
is here absent the Pauli term (or "Clover" term) involving the interaction with 
a magnetic field, which on the other side cannot exist in 1 -I- 1 dimensions. 
Here: a^u = 1/2 [7^^,71/] = —ie^^js, where eui/ is the antisymmetric tensor. The 
would-be Pauli term is in fact the 75 term H . 

The FP vertex has a finite extension, i.e. it is non-negligible only on a 
finite set of couplings close to the origin. The couplings decay exponentially 
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4 



Figure 4: /(fo(a;o, 0, 0) on a 8 x 8 lattice. 



with the distance, with a characteristic length of about 0.5 lattice units. In 
Fig. ^a three-dimensional graph displays the component /(^((xo, xi, 0, 0) on a 
8x8 lattice, while in Fig. || the exponential decay along the diagonal direction 
is reported. The first order vertex gives some indications about the interaction 
range of the full non-perturbative vertex. Our results suggest that the couplings 
confined inside a 2 x 2 plaquette are the dominating ones, being those outside 
this region smaller than 10^'^ and exponentially decaying. As a consequence, 
a good parametrization of the FP action should be possible with a reasonable 
number of terms in the lattice actiorfl. 



5.4 The second order vertex. 

The fermion propagator and the first order vertex are the only ingredients 
to solve the recursion relation for the second order vertex. This has a quite 
complicated expression, as the reader can realize by considering the formulas 

^This is really an important issue in view of the four-dimensional theories, where the Monte 
Carlo times become non realistic when considering lattice actions with complicated coupling 
structures. 
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n 



Figure 5: Exponential decay of |/(fQ(n, n, 0, 0)|; the continuum line is the best 
fit ~ exp(-n/0.44). 



of Appendix |C.2| . It may be worthwhile to display the equation because it 
is independent of the particular RG transformation used, the details of which 
enter only through the functions 8^,y, ujp, Sj]'^ and Sj^l, whose definition and 
particular expressions for our case are given in the appendices A and B. The 
iterative solu tion to the FP equation for the second order vertex is also displayed 
in Appendix |C.2| . It can be written in a concise way as 

oo 

R',Y''iq,q',q") ^ -i ^ D-l{q) J ^,{qA' A") O'li-q') 

OO y ^ 3n-l 2"-l 

+ E 2 D-'M (9/2", 9/2", 972") D-l{-^) 

- R^^> --(<z, ~q") D,Aq") q') • (52) 
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We use the notation q ^ q + 2ttI, q' = q' + 2ttI' and q" = q" + 2ttI" . The exphcit 
form of the functions J^^ and /^^ is given in Appendix C.2, 



The matrix structure of the vertex is the most general consistent with the 
symmetries. It can be written as 

= E^M^p(9'9'''?")^P + rA(9,a',g")75 + T^,{q,q\q")I. 

(53) 

As in the case of the first order FP vertex, aU the terms in the last expression 
turn out to be of the same order of magnitude. 

Again, the sums of the first term in the r.h.s. of Eq. ( [s^ ) (the one involv- 
ing J^^) can be performed with very high precision. The third term gives no 
difficulty once the first order FP vertex has been computed. The second term, 
however, is an infinite series in n, the n-th summand being a sum of 2" terms 
which contain very complicated functions, including the first order vertex on ar- 
bitrarily large lattices. Since the computation time grows with the sixth power 
of n, we could not go beyond n = 3, and even in this case the computation 
of the complete vertex turns out to be problematic on a small lattice, due to 
the large number of arguments and the complicated structure of the summands. 
However, the perturbative evaluation of the mass gap requires the second or- 
der vertex only for a particular choice of momenta and Lorentz indices (see 
Eq. (p5|)), being as a consequence the approximate computation feasible. 

The function in Eq. (^2|) contains the first order vertex on a lattice 
of size 2"A^, where N is the size of the starting lattice. Since we are not able to 
calculate (at least with good precision) the first order vertex on larger lattices, 
we truncate its couplings to relative distances in all components |Ax;^| smaller 
than four lattice units. This is a quite good approximation, since the couplings 
associated to distances outside this region are smaller than 10^** (see Fig. |[). 
We made a numerical check of this approximation: increasing the truncation 
size to 6 lattice units the results for the second order vertex change by 10~^ at 
most. 



Our crudest approximation is the truncation of the series in n, this time at 
n — 3. In this case, we expected systematic errors of order 10^^. Again, the 
main danger comes from the violation of gauge invariance, and a check is given 
by the Ward identity: 

Y^iq^qnAR'^liQ^l'l") + R'Jl.{q,q'q-q'-q")] = 

Rl'\q",q') - Rl'\q,q' + q"-q). (54) 
With our approximation the violations of Eq. (M) are at most of order 10^'^. 
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How this systematic error may affect the computation of the mass gap is unclear 
at this stage. 



6 The mass gap. 



In this Section we review the computation of the 1-loop mass gap with both 
the standard and the FP action. 

The 1-loop vacuum polarization is given by 

n^-^W = / ■^Tr[R^^\p,q-p)D{p-q)R\^\p~q,~p)D{p) 
JBZ K'^T^) 

+ ( R'^l (p, -p, p-q) + R'^l (p, -p, p + q)) D{p)] . (55) 



Let us now consider the numerical results. We start discussing those for 
the standard action. Fig. || represents the 11 component of the lattice vacuum 
polarization 11^^ at zero spatial momentum as a function of the energy go, for 
different values of the ratio L/a\ the case L = oo is also reported. As expected 



from the discussion of Sec. 3.3, the cut off effects (a varying with fixed L) show 
themselves as finite volume effects [L varying with fixed a). These are large 
for the Wilson action; in the case L/a = 2 the theory contains no particle at 
all, since the vacuum polarization has the wrong sign. The mass is obtained - 
according to Eq. (p4) - by extrapolating the vacuum polarization to zero energy. 
In Fig. ^ and Table l] we report the values of the ratio mp^/e - in the Table we 
report also the value of F^^\a/L) (see Eqs. ( p5|) and (^)) ; from these data we 
obtain: m^^/e = 0.5641900 + 1.9 • {a/Lf + 0{{a/L)^), to be compared with the 
continuum value m}pl/e = 0.5641896. 

In the case of the FP action we observe a radically different behavior. In 
Fig. ^ we show the vacuum polarization in the infinite volume case, together with 
the same quantity in the case L/ a = A for some values of the energy: we observe 
only tiny finite volume effects, probably due to our numerical approximations. 
The cut off effects in the lattice mass gap are directly related to the finite 
volume effects of the lattice vacuum polarization only for q^ = Q. The absence 
of finite volume effects even for non-zero values of the energy with the FP action 
is in this sense an extra bonus. We verified that the volume-independence of 
the zero spatial momentum vacuum polarization is indeed a property of the 
continuum theory, probably related to the fact that the real underlying theory 
of the Schwinger model is a free-field scalar theory. 

In Fig. ^ and Table |l| we report the results for mass gap with the FP action. 
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Figure 6: The 11 component of the lattice vacuum polarization Hn at zero 
spatial momentum as a function of the energy for various values of the ratio L/a 
in the case of the Wilson action; the extrapolation to infinite volume (dashed 
line) is also reported. 



Except for the case L/a — 2, which requires a particular discussion, we see 
very small deviations from the continuum, of order of the numerical errors in 
the determination of the fixed point vertices (10~^ 10~^). We remark that 
these deviations cannot be considered pure cut off effects, since they are in part 
produced by a violation of the gauge symmetry. Indeed, a deviation from the 
correct continuum value of order 10~^ is observed even in the infinite volume 
case, where in principle no cut off effects are present for any action. The large 
deviation from the continuum for L/a = 2 is related to an additional effect 
exponentially decaying with increasing L/a and related to the finite extension 
of the FP action. 
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Figure 7: The ratio niph/e as a function of a/L for the Wilson action (plus) and 
the FP action (crosses); the solid line is the continuum value l/\/7r. 



7 The 1-loop perfection of the FP action. 



The results of the last Section are consistent with a picture of no power-like 
cut off effects for the 1-loop mass gap in the case of the FP action. The point 
is now whether this outcome can be interpreted as an effect of a (hypothetical) 
1-loop quantum perfection of the FP action of the Schwinger model - we recall 
that any FP action is by construction perfect only at the classical level. 

The definition of quantum perfection is related to the behavior of the action 
under RG transformations at finite values of (3. We recall the form of the FP 
action: 

= 13 S^" {A) + v;A^^(f/)V. (56) 
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L/a 


m^h/e {Wil) 


F^^J {Wil) 


Je {FP) 


F^^) {FP) 


2 






0.577989475 


0.013800 


4 


0.3528 


-0.21132 


0.565117686 


0.000928 


6 


0.49158 


-0.07260 


0.564524513 


0.000335 


8 


0.52924 


-0.03495 


0.564434047 


0.000244 


16 


0.55668 


-0.00751 






32 


0.56236 


-0.00183 






64 


0.56373 


-0.00045 






128 


0.56407 


-0.00011 






256 


0.56416 


-0.00003 






oo 


0.5641900 




0.564335184 





Table 1: the values of nip^/e and F^^^ for the Wilson and FP action 



After one RG transformation the action S"^^ changes into S': 

S' = ^{S^'{A) + dSg{A)) + ^A--((7)V + SSA^,^j,U) . (57) 

The corrections 6Sg and SSp have a perturbative expansion in g, the leading 
term being 0{g^); in particular, the fermion correction contains four-fermions 
interactions. The 1-loop quantum perfection means the absence of the leading 
terms in the perturbative expansion of SSg and SSp. The absence of cut off 
effects in the mass gap for the FP action requires a weaker property]]. The 1- 
loop mass gap in units of the charge is a non- universal function oi a/L; denoting 
with a prime the quantities relative to the action S' of Eq. (|57|), we have: 



m 



/e^F--{a/L), m'/e^F'{a/L). (58) 



The mass-charge ratio, being the dimensionless ratio of physical quantities, does 
not change after a RG transformation. Hence: 

F^^(a/L) = F'{2a/L) = F^^(2a/L) -f SF'{2a/L) . (59) 

The last equality is suggested by Eq. (|^. The correction SF' comes from the 
leading terms in the perturbative expansion of SSg and SSp', absence of cut off 
effects for the FP action means SF' = 0, since we see from Eq. (|5^) that 
is in this case independent from a/L. After inspecting all the possible vertices 
generated by the RG transformation, one concludes that the only term which 
can contribute at 1-loop is a tree level term, quadratic]^ in the field Gauge 
invariance implies (in two dimensions) the form: 



AM* C{q) ( \qf - q^^ql) Mq) , (60) 



^Here we follow the same lines of the argument of |15| . 

*One can see that, for example, vertices containing four fermion - or higher dimensional - 
interactions cannot contribute. 
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Figure 8: The 11 component of the lattice vacuum polarization Hn in the 
infinite volume (dashed line) and for L/a = 4 (crosses) in the case of the FP 
action. 



where C{q) is some regular function]^ of q. This term gives no contribution to 
the mass gap, since it vanishes at g = 0. As a consequence, 5F' — 0. 

The previous discussion shows that the absence of cut off effects in the 1- 
loop mass gap is indeed an effect of the classical perfection of the FP actiorj^ 
This is a non trivial point, since a formal argument |jl^, ^ of the RG implies the 
1-loop quantum perfection of the FP action. This argument has been recently 
disproved by Hasenfratz and Niedermayer by the explicit determination in 
perturbation theory of the 1-loop quantum perfect action of the 0(3) — a model. 
We do not expect something different for the Schwinger model, although, due 

^The regularity of C(q) follows from the general theory of the RG. 

^''In the framework of the 0(3) — cr model, this conclusion is also suggested [ p^ by the 
observation that the tree-level on-shell Symanzik improvement is fixed by the cancellation of 
the 0{o?) cut off effects in the 1-loop contribution to the mass gap. 
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to the different nature of the lagrangian (gauge interactions between two fields 
instead of self-interactions) we think it would be worthwhile to repeat the check 
even in the present case. Another important point would be to understand 
where the formal argument of the RG breaks down. 



8 Conclusions. 

Let us briefly summarize the results and the conclusions of this work. We 
have obtained perturbatively the FP action of the Schwinger model for a par- 
ticular RG transformation. Using the non-compact formulation, we could solve 
analytically the pure gauge part. In this way we could concentrate the numerical 
effort to the fermion sector, which was treated perturbatively. 

The photon-fermion first order vertex turns out to have couplings exponen- 
tially decaying with the distance, as expected from RG arguments. The most 
important ones are those connecting first and second neighbors. We expect from 
this observation that a good approximation of the FP action can be obtained 
with a simple parametrization containing only short-ranged couplings. 

The perfection of the FP action has been shown by computing the mass gap 
at finite spatial volume. We found big cut off effects with the standard action, 
and negligible with the FP action. Contrarily to what can be naively inferred, 
the calculation of the mass gap represents a check of the classical - tree level - 
perfection, and not of the 1-loop quantum perfection; this latter property can 
be checked [Esj by computing higher excited states in the spectrum. 
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A Appendix. 



In this Appendix we give some details about the solution of the recursion 
relation for the free gauge field. We follow the ideas of and we refer to this 
paper for further details. 



A.l The FP pure gauge propagator. 

In this part we give some hints about the algebraic manipulations which lead 
to the pure gauge FP propagator, Eq. (p9|). We write the general formulas for 
an arbitrary dimension d, specializing at the end the solutions to = 2. 

Consider the RG kernel: 

JCgiA',A) ^ J2 (^^^b) -J2''^-(^'^B-x)A,{x)] . (A.l) 

In the case of the transformation of Eq. (|28|), generalized to arbitrary dimen- 
sions, LJfj^i, is written: 

uj^,y{2xB-x) = 2'^^-^6^,y {52xB,x + 52xB+ii.x) , (A.2) 

where cIa = (c? — 2)/2 is the dimension of the gauge field. In Fourier space the 
last formula reads: 

= J2 e-"'^^,..{x) = 2"^-^ (1 + e'?-) 5^,. (A.3) 



Since the original action and the RG kernel are quadratic in the gauge field, 
the coarse action is also quadratic. From gaussian integration we obtain a 
recursion relation which relates the coarse and fine propagators |^ : 

1=0 per 3 

(A.4) 

After n iterations of the recursion relation one gets 

2"-l 



1^0 pa- 
rt— 1 2^—1 

3 j=0 1=0 p 
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where 



g + 27rr q + 27rl. 



,q + 27rl' 
■ ^( — — ) 



(A.6) 



and 



(A.7) 



In our case (Eq. (A.3)) the resuh is: 



n + 27r/ p*'?f — 1 
= 2--' ^ 

111' \ o-J 
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exp(i2M^) _ 1 



(A.; 



The FP propagator is obtained by inserting this last expression into Eq. (A. 5) 
and taking the n — > cx) hmit. In the r.h.s. of Eq. ( |A.5| ), only the modes with 
^-p^ ~ ^ contribute to the homogeneous part (the one containing g|?J); the 
inhomogeneous term (proportional to k~^) is easily calculated by making use 
of following formula, valid for one-dimensional summation: 

g 4sin2(^) = 4sin^(,/2)- ^^'^^ 
The result for the FP propagator is, in two dimensions'^: 

G;^iq) = (^Mq) + ^) + ir' - 1)5(9)9m€, (A.IO) 



where 



+ 00 ^ ^ 



i — — OO 

+ 00 



(q^ + 27r/^)' {q + 2TTlf 



1(1) - E , ' ,,4 - (A.ll) 



A. 2 The connecting tensor. 



According to the discussion of Section in order to solve the problem of 
the interaction between gauge field and fermions, we need the fine configuration 
minimizing the r.h.s. of Eq. (||) as a function of the coarse configuration A'. 

^^As may be directed checked using the above displayed formulas, our RG transformation 
converges to a FP only for d < 3. 
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Since both the fine action and the gauge kernel are quadratic, the relation is 
linear: 

Ari'-^) = E Z,A'-^)A'M, (A.12) 
where — 0, 1. In ref. Q is shown that 

z,A'-^) = E G;;i'-±^).ii'-^)G7.-\,) . (A.13) 



In the iterative solution of the recursion relations for the vertices, some 
products of Zf^^ appear. Since these products have always the same form, it is 
useful to define 

Pl...p„-1 

(A.14) 

Particularizing to our transformation and fixing d — 2, Z^i, and GJj'j read: 



^00(9) 
Zm{q) 



^0 



■ 90 



1 90 1 -7773/1(29) 



5(2<z) 



5(2g) 



/o(2g) - /o((z) 



2(71 



/o(9) 



29o 



190 1 



(A.15) 



and 



0[,o'(9/2") 



e[,"i'(9/2") 



1 



95 



«" (90/2^ 
1 



(90/2'^ 



giP/o(9/2") + (9o/2«) 
(9(572") 



.9(9/2" 



■.A (9) 



5(9) 



.9(9) 

' ^^'/^"^ /o(9) - l9oP/o(9/2") 



(A.16) 



The remaining components can be obtained from these by properly changing 
0^1. 



When n — !■ 00, keeping q fixed, we obtain: 



0^0 '(9) = * 

e^T'(9) = 



95 ( l9iP , 9o /i(9) 



90 V 9^ 9^ 5(9) 
95; ( 9o /o(9) l9oP 



(A.17) 



90 V 9"* 5(9) 9^ 

These expressions appear in the solution of the recursion relations for the first 
and second order vertices, as given in Appendix 
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B Appendix. 



In this Appendix we give some details concerning the fermion RG transfor- 
mation. We start with some relations concerning the free fermion problem wich 
are relevant for the computation of the FP vertices. In a second part we work 
out the fermion kernel in presence of the interaction with aU{l) gauge field. 



B.l Formulas for the free fermion problem. 



The free fermion kernel is defined through a function ujp 



The RG transformation of Sec. |5.1 reads in arbitrary dimensions: 

r%XB) 



^^ \=±l 

jY. Y + A^A + A,j>) 



(B.l) 



+ ■■■ + ^ Y ■■■ Y H^XB + Xii +■■■ Xdd) , (B.2) 

Ai = ±l Ad=±l 

where d,p = (d— 1)/2 is the dimension of the fermion field. In Fourier transform: 

cuFiq) ^ (B.3) 



For the iterative solution of the FP equations, it is useful to define a new 
function, analogous to f2*,"j of the pure gauge problem: 



n'p\q/2'') = 2-^^^UF{q/2)ujF{q/2') ■■■ uJF{q/r). 



In the case of the transformation ( |B.2D : 



sm'(g^/2) 
sin2(g^/2«+i) 



(B.4) 



(B.5) 



Using (mutatis mutandis) Eq. ( [A.5| ) one arrives, in two dimensionq^, to the 
result of Eqs. (g) and (||). 

^^It can be easily checked that this RG transformation converges to a FP for d < 4. 
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B.2 The fermion gauge invariant kernel. 



In this part we shall write down some formulas concerning the fermion kernel 
in presence of gauge interactions. In order to keep the coarse action gauge 
invariant, we define a gauge covariant average procedure for the fermion fields 
defined on the original fine lattice. This is achieved by parallel transporting the 
fine fields to the coarse site to which they contribute. We choose the simplest 
symmetric paths which join xb with its neighbors to make ( ]B.2D gauge covariant 
(we write the formulas directly for the case d — 2): 



r{xB; U) 



V2 



1 



1 



iP{2xb) + 7:^fn{xB; U) + - Tdn{xB] U) 



(B.6) 



where F j„ and r^n stand for the contribution of the first and diagonal neighbors 
respectively, and are built from the paths depicted in Fig. ^. The expression for 
them are: 



Tfn{xB\ U) = Uo{2xB)iA'^XB + 0) + Ul{2xB - 0) i;{2xB - 0) 
+ Ux{2xB)iA'^XB + i) + U\{2XB - i) ^{2XB - I) . 



(B.7) 



and 



Ydn{xB] U) = 

[C/o(2xB)t/i(2xs+0) + Ui{2xB)Ua{2xB + l)] ?A(2xs + 6 + 1) 
U^{2xb)U\{2xb + Q- i) + U\{2xB - 1)Uq{2xb - 1)1 H2xb 



0-1) 



(B. 



Ul{2xB-0)Ui{2xB-()) + Ui{2xb)uI{2xb -() + !)] ?A(2xs - + 1) 

+ \ul{2xB-Q)Ul{2xB-Q-l) + Ul{2xB-i)Ul{2xB-()-i) x 

i!{2xB - 6 - i) 

Expanding in powers of we obtain: 
T{xb;U{A)) = T^'ixB) + iY,Y.M'>-)^'^\'^XB-r,x-r)il^^ 

X r 

+ E J2Mr)Mr')£';ii2xB- 



r, X ■ 



xr r 



In momentum space E^^^ and E^^l read: 



V2 



cosgi + cosqj^ 



(B.9) 



(B.IO) 
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and 



. 90 + q'o . q'i-q'i . , , qQ-q'o-, . , q'i + q'l A m 1 1 ^ 

iin sm sin(go ^) sin(gi ) I . (B.U) 

The remaining components can be obtained as usual by properly changing <-> 
1. 



C Appendix. 



In this Appendix we write down the equations relative to the RG iteration 
relation for the first and second order vertex. They are the result of a long but 
straightforward calculation. 



C.l Recursion relation for the first order vertex. 

In order to simplify the expressions, we use the notation q ^ q + 2nl and 
q' = q' + 2ttI' . The recursion relation verified by the first order vertex is: 

^ ^ l,l'=Q V 
[H,{ql2, q'/2) + X,{q/2, q' /2)] D-^iq') , (C.l) 



where 

H,{k,k') = LOpik) D^^{k) Rl'\k, -k') D^^{k')Jp{k') (C.2) 

and 

X^{k,k') = ujF{k)D^^{k)£l'^\k',-k)~-£l'\k,-k')D^^{k')Jp{k'). (C.3) 

We point out that this formula holds formally for arbitrary dimensions and 
gauge groupsF^. 



^•^The RG does not act on the color indices. 
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We now specialize derivation to the case of the Schwinger model^*. In this 
case a factor- two renormahzation of the gauge field is required (see the discussion 
of Sec. p^). The recursion relation (C.l) leads to the FP vertex: 



-\-oo oo ^ 2—1 

H,iq,q',l,l') + J2- J2 Xl"\l,q,l,n, (C.4) 



1,1' — — oo 



71=1 Ll'=0 



where 



H,{q,q',l,l') ^ -B-l{q)Y^&-\q-~^)^^^0^p^^D-l{^) x 



p/3a) 



n 



16sin^(q„/2)sin^(g^/2) 



(C.5) 



and 



X';\q,(( ,1,1') 



)=D-l{q)Y.^%{ 



n/2 



(9/2" (9/2") £;^'^(g72", -q72")f^^'"''^(<z72""') - 
f7<,"-7g72"-i) (9/2", -q72")i?,p(g72") f^<,"' 7^72") 1 i?;i(g')- (C.6) 



C.2 Recursion relation for the second order vertex. 

The recursion relation for the second order vertex is much more complicated, 
and it involves the FP first order vertex: 

l,l',l"=0 pa 

[Jp,{ql2,~q'/2,q"/2) + V(g72, g72, q72) ] i?-i(-g') } 

- i?^^' --(g, -q") D,,{q") i?<^' --(q7 q') , (C.7) 

where the functions Hpa and Ip„ are: 

Jp^{k,k',k") = ujF{k)D^4k)R'-;i{k,k',k")D^4-k')u;U-k') (C.8) 

and 

Ipa {k,k ,k ) = 

^■^The derivation for the general case, including also 4d non-abelian gauge theories, goes 
essentially on the same lines. 
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^ fc', k") DM-k') - ^F{k) D,Ak) £'p^H-k, -k', ~k") 

+ ujF{k) D^^ik) R';^ ^"{k, -k") D^^{k") R!^^ ""{k", k') D^^{-k') uj^-k') 
+ LOFik) D,,{k) R'p ""(fc, -k") D,Ak") £'J'H-k', -k") 

- f (k, -k") D,,{k") R','^ --(fc", k') DM-k') ioU-k') 

- S^^' {k, -k") D,,{k") £!,'>\-k', -k") . (C.9) 



The FP of the above displayed recursion relation is (taking again into account 
the factor- two renormalization of the gauge field): 



+ C30 



:,i',i"=-oo 

+00 / ^ 3ra-l 2"-l 



-t-00 \ dn—L z —1 

+ E 2 E ^^^(9) I',"^ («72", q'/2-, q"m D-l{-q') 

n=l ^ ' l,l',l"=0 

- R^^^ --{q, -q") DMq") K'' ""{q", q') , (cio) 

where 

J,.{k,k',k") = Y.Q%\k-k")@iZ\k' + k") E ^^^7/37.7^7.7. X 

PT 0Su> 

yr 16sm^{kj2)sm\k'j2) 

ii 12172 ^'^■^^) 

and 

il:J{k,k',k") = Y,^';^ik-k")Q^;l{k' + k")n^-^\2k) X 

pa 

■ -£f^{k, k', k") D,,i-k') Jp{-k') - LOFik) D,4k) £j,V{-k, -k', -k") 
+ LOFik) D^4k) R'-;' ^^ik, -k") D^4k") t (-fc', -k") 
- £j,'\k, -k") D,4k") R^:^ ""-ik", k') D,,i-k') LoU-k') 
-£^;'ik,-k")DMk")£^''H-k',-k")] n<?-^'^(-2/e'). (C.12) 
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